Introduction
Let e be an integer > 1, p a prime congruent to 1 (mod e), and g a primitive root (mod p). The cyclotomic number (h, k), is the number of solutions s, t of the trinomial congruence ge"+* + 1 = (mod p), where the values of s and t are each selected from 0, 1, . . -, f -1, where f = (p -l)/e. A central problem in the theory of cyclotomy is to obtain formulae for the numbers (h, k), in terms of the solutions of certain diophantine system. For example [I. ] when e = 3 the cyclotomic numbers of order 3 can be given in terms of the solutions a, b of the single diophantine equation 4p = a2 + 27b2, with a = 1 (mod 3)) and when e = 5 the cyclotomic numbers of order 5 can be given in t e r m of the solutions x, u, v and w of the pair of diophantine equations 16p = xg + 50u2 + 50v2 + 125w2, x w = v2 -4uv -u2 with x = 1 (mod 5).
Recently P. A. Leonard and the author [3] evaluated the cyclotomic numbers of order 7 in t e r m of the solutions (s, a, 23, 2 4 , 5 , a ) of the triple of diophantine equations (Another application of this system has been given in [4] .) Clearly all solutions (s, --, s) of (1.1)-(1.3) satisfy XI = f 1 (mod 7). Moreover if (a, ---, a ) is a solution so is (-a, , -a ) . Thus without any loss of generality we restrict our attention to those solutions satisfying
The nature of the solutions of the system (1.1)-(1.4) waa obtained from the work of Dickson [I.] by P. A. Leonard and the author [5] , uaing a number of resultrr from algebraic number theory, for example, that the ring ZW, { = exp (2ra77), is a unique factorization domain, the form of the prime factorizations of p and certain Jacobi sums in ZB], etc. It is the aim of this paper to give a completely elementary, self-contained treatment of the system (1.1 )-(1.4) without reference to the theory of algebraic numbers.
As p is a prime = 1 (mod 7) there are integers t and u such that p = t2 + 7u2.
t is uniquely determined if we require t = 1 (mod 7), in which case u is determined up to sign. Then (-6t, f 2u, f 2u, ;f2u, 0, 0) give two solutions of (11)-(1.4). We call these the triuid solutions of (1.1 )-(1.4), any solution of the system Merent from these two will be called a non-trivial solution. In order to give explicit expressions for the non-trivial solutions of (1.1 )-(1.4) it is convenient to introduce the Jacobsthal sums #. (n) defined for any integer n bv where the symbol (h/p) is the Legendre symbol giving the quadratic character of h with respect to p.
TFIEOREM 1.
There are e W l y six distinct non-trivicrl solutions (a, . . , x6) of (1.1)-(1.4). These are given by where i = 1, 2, 3, 4, 5, 6 and z4 denotes the unique integer satisfying iz4 = 1 (mod 7), 1 I z4 5 6. Theorem 1 will be proved by proving two theorem from which it follows immediately. Theorem 2 is proved by using results due to Whiteman [6] and Theorem 3 is 
Cyclotomy and Jacobsthal sums
We will make use of the following results concerning the cyclotomic numbers and Jacobsthal sums of order 7 which we state here for convenience. For proofs and references the reader is referred to Whiteman [6] . (2.7 +, ( 4 8 ) 1, 2, 3, 4, 5, 6 ) reduce to the 12 cyclotomic numbers Hence by (2.2) we have
Now from (2.3) we have (taking k = 1, 2, 3 ) :
so that forming (3.11 
Using (3.14) and (3.15) in (3.9) and (3.10) we deduce and (3.16) and (3.17) ahow that we can define integers a, , z s b y
with a = 1 (mod 7 ) . Now from (2.4) and (3.18) we obtain
and substituting these value8 into (2.5) and (2.6) , the latter in the form
we obtain (1.1), (1.2) , (1.3) , ahowing that (3.18) gives a mlution of the diophantine system. All that remains to be done, is to show that the mlution given by (3.18) is a non-trivial solution. Suppose not; then
and (3.19) gives
We define a seventh power character x by
QUADRATIC PARTITION OF PRIMEB

613
For any integers m, n we define the Jacobi and Gauas suma by
These sum have the following simple propertie8 (see for example [2] ):
Hence from (3.23) we have (4) G (3) that is (3.20) , (3.21) , (3.22 ) we have 
Neceuary and sufficient conditions for trivial solutions
In this section we derive convenient conditions for identifying trivial solutions of (1.1 b(1.4) . Condition ( E ) of Lemma 2 will be used in the proof of 
where E = f l and w is afixed soluth ojw2 = -7 (mod p). Substituting thie value into (1.1 ) we obtain t = 0 (mod 7 ) which is clearly 
Congruence conditicms for non-trivial solutions
Let r be an integer of exponent 7 (mod p), that is, r ' = 1 (mod p), r f 1 (mod p), so that Let (xl, a, a, x4, x6, a ) be a non-trivial solution of (1.1)-(1.4) 
so that as (xl, a, a, s, x', a ) is a solution of (1.1)-(1.3) it must satiafy where w is a fixed solution of wa = -7 (mod p). Replacing r b y r2 (or r6) (resp., r b y r' (or r 4 ) ) , which has the etrect of sending R + 5, 5 + T , T + R (resp., R + T , 5 + R , T + S ) , in (5.9) , we obtain the system for (A, p,  v) . We can rule out the two possibilities (A, p, v ) = E (1,1,1) , where E = f 1, since in this case (5.10) gives (using (5.3, (5.4) , (5.5)) which is impossible by Lemma 2 (E) as ( X I , 22, xa, a, xs, a ) 
